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Abstract The radius of the observable region of the
Universe is of the order of its Schwarzschild radius.
Due to the spherical symmetry, this allows to check
the properties of the gravitational force in the vicin-
ity of the Schwarzschild radius by comparing the theo-
retical and observed Hubble diagram at high redshifts.
This can be done in a simple model that follows from
projective-invariant equations of gravitation.This paper
shows that the Hubble diagram up to z = 8 testifies in
favor of the specific properties of gravity near and inside
of the Schwarzschild radius..
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1 Introduction
Properties of gravity near the Schwarzshild radius are
key test of general relativity. This paper is based on
the fact that the radius of the observable Universe is
of the order of its Schwarzschild radius. Starting from
this fact, we show that observed properties of the Hub-
ble diagram at high redshifts testify in favor of specific
properties of gravity, which follow from the projective
invariant equations of gravitation [1]. This confirms re-
sults of paper [2], where it was shown that such proper-
ties of gravity do not contradict observations near the
supermassive object at the center of our galaxy.
In paper [1] has been shown that the properties of
gravitation may differ significantly from those resulting
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from general relativity near the Schwarzschild radius
and less than that. There is no an event horizon. The
force acting on a freely falling test particle to a dot
mass becomes repulsive near the Schwarzschild radius
rg, and tends to zero when the distance to the center
tends to zero.
The lack of the event horizon and the weakness of
the gravitational force near the center makes it possi-
ble the existence of super-massive objects without an
event horizon. Such objects are candidates to the su-
permassive objects that exist in centers of galaxies [2,
3].
The properties of gravity near the Schwarzschild ra-
dius should be manifested in the magnitude of the ve-
locity of galaxies at very high redshifts, and therefore,
in the Hubble diagram. It allows to test gravity near
the Schwarzschild radius. Fortunately, in addition to
the great data from observations of supernovae Ia [4] ,
we have now the numerous data obtained from obser-
vations of gamma-ray bursts up to z = 8 [5,6,7]. The
mentioned data are not direct observations. They de-
pend in part on the used Lambda CDM model . There-
fore, their accuracy is not high. However, they can make
a qualitative conclusion about the properties of gravity
near the Schwarzschild radius.
2 Meaning of metric-field approach to theory of
gravitation
2.1 Space-time geometry and reference system
In the early twentieth century, Henri Poincaré realized
that geometry of space and time have no physical mean-
ing by itself, without the knowledge of properties of the
measuring instrument. Only the combination "geome-
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try + measuring instruments" has a checked on experi-
ence meaning [1,11]. This applies also to the properties
of space-time. Strictly speaking, we cannot speak about
the properties of space-time without knowledge of prop-
erties of a reference frame, and we cannot speak about
properties of the reference frame without knowledge of
properties of space-time, because the reference frame
is an instrument for investigation of space-time proper-
ties. Each of these concepts has no physical meaning in
itself.
Based on the assumption that space-time in the in-
ertial reference frames is pseudo-Euclidean, and start-
ing from the conception of relativity of space-time, we
can find a space-time metric for a certain class of non-
inertial reference frames.
We believe that the concept of "frame of reference"
has a physical meaning only when it is defined by some
operational manner. The same can be said about a
"comoving" coordinate system. This coordinate system
has a physical meaning only if it is obtained by some
transformation of the orthogonal coordinate system of
pseudo-Euclidean space-time. Therefore, we define the
non-inertial reference body frame as a system of mate-
rial points which move under the influence of a force
field defined in the inertial frame in Minkowski space-
time.
Thus, consider [1,8] a non-inertial frame of reference
B, reference body of which is formed by identical dot
massesm, moving under action of some force field F (x)
given in an inertial reference system (IRF) A, where
space-time is pseudo-Euclidean. The reference frame B
will be here called the proper reference frame (PRF)
of the force field F (x). If an observer, located in B,
rejects the Newtonian idea of absolute space and time,
and believes that space-time is relative in the sense of
Berkeley-Leibniz-Mach, then from his point of view the
above dot masses are the points of his physical space.
From his point of view they are at rest both in the
non-relativistic and the relativistic sense. Consequently,
their world lines are geodesics of space-time in the frame
B so that the equality δ
´
ds = 0 holds, where ds is the
line element of space-time in B.
However, on the other hand, the motion of the ma-
terial points in the frame A (in Minkowski space-time)
is described by a Lagrangian action S =
´
L(x, x˙)dt. It
follows from this fact that the line element of space-time
in the frame B is of the form
ds = k dS, (1)
where k is a constant and dS = L(x, x˙)dt.
In the limit F (x)→ 0
S = −mc
ˆ
(1− v2/c2)1/2dt, (2)
where v is 3-velocity of particles of the reference body,
and c is the speed of light. It follows from this fact that
the constant k should be equal to −(mc)−1.
Consider, for example, the following PRF.
The reference body consists of noninteracting elec-
tric charges in an electromagnetic field. In a Cartesian
coordinate system the action describing the motion of
the particles can be written as follows [9]:
S =
ˆ (
−mc2(1− v2/c2)1/2 − e
c
Aα(x) dx
α/dt
)
dt,
(3)
where Aα is the 4-potential, e is charge of the particles
1.
For the given reference frame
ds = dσ − e
mc
Aαdx
α, (4)
where dσ is the line element of space-time in the IRF.
It is a Finslerian metric.
Of course, such a frame of reference is not similar to
the accelerated reference frame formed by neutral par-
ticles. However, this does not prevent to its theoretical
analysis, assuming that the reference body is formed
by identical ions. They can be regarded as an atomic
clocks that are almost unaffected by accelerations.
Based on the fact that the clocks measure the length
of its own world line, one can find the time interval in
such PRFs. Evidently,
dT =
0
dT − e
mc
Aαdx
α,
where dT = ds/c and d
0
T = dσ/c are proper time inter-
vals in the PRF and IRF, correspondingly.
The following two cases are of interest:
1. The reference body consists of noninteracting elec-
tric charges in a constant homogeneous electric field E
directed along the axis x. According to (4)
dT/dt = 1− e
mc2
ϕ = 1 +
e
mc2
Ex, (5)
where ϕ = A0, and E is the electric field strength. Be-
cause the electric force eE = maw, where w is the accel-
eration with respect to the IFR, this result is equivalent
to the well known one:
dT/dt = 1 +
wx
c2
. (6)
This result shows that difference between clock in
IRF and PRF is not a kinematic effect, and is caused
by a force field.
1 As usual, in this paper Greek letters run from 0 to 3, and
Latin - from 1 to 3.
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The same result is obtained for the PRF of the ho-
mogeneous field of the Earth, reference body of which is
formed by particles free falling in the field. The reason
is that the replacement eϕ by the gravitational poten-
tial leads to the same equation of the motion of test
particles as the equations for charges.
2. The reference body consists of noninteracting elec-
tric charges in a constant homogeneous magnetic field
H directed along the axis z.
It follows from the Stokes theorem that in this case
the modulus A of the potential Ai of a particle at the
distance r from the center of the orbit of the reference
body is equal A = Hr/2, which shows that A is a mod-
ulus of the 3-vector A = 12B× r, and the A is directed
tangentially to the orbit circle. For this reason, accord-
ing to (4),
dT/dt = 1− e
mc3
Hr2ω
2
= 1− Flr
2mc2
, (7)
where ω = dϕ/dt is the angular velocity of the body
reference, and Fl = eHrω/c is the Lorentz force. Since
the centrifugal force Fc = Fl = mwc, where wc is the
centrifugal acceleration, we arrive at the conclusion that
this result is equivalent to the well known one:
dT/dt = 1− ω
2r2
2c2
. (8)
This result coincides with the result for the rotating
disk due to the fact that the motion of points on the
disk can be described by a similar Lagrangian.
Let us consider another important example.
In papers [10,11] has been proved that streamlines
of any perfect isentropic relativistic fluid are geodesic
lines in a Riemannian space-time.
In more detail, the motion of macroscopically small
elements (“particles”) of the fluid can be considered in
two ways.
In Minkowski space-time, where dσ2 = ηαβ dx
αdxβ
is the line element and ηαβ(x) is the metric tensor, this
motion can be described by the following Lagrangian
L = −mc2
(
Gαβ
dxα
dt
dxβ
dt
)1/2
dt, (9)
where Gαβ = χ
2ηαβ ,
χ =
ϑ
nmc2
= 1 +
ε
mc2
+
P
ρc2
,
ϑ is the enthalpy per unit volume, ε is the fluid density
energy, m is the mass of the fluid “particle”, and c is the
speed of light.
Equations of the motion of the fluid element that
arise from this Lagrangian are the standard equations
of the field velocities of an relativistic isentropic fluid.
On the other hand, in a co-moving reference frame
this motion can be described (in the same coordinate
system) as the motion along the geodesics of the Rie-
mannian space, the line element of which has the form
ds2 = Gαβdx
αdxβ .
Indeed, in this case, for an observer located in this frame
time is measured by the length of its world line. When
using s as a parameter of the length it is easy to see that
the Lagrange equations give the standard equations of a
geodesic in the Riemannian space-time with the metric
tensor Gαβ .
Thus, there are reasons to believe that in PRFs a
force field manifests itself as a curvature of space-time.
More precisely, a field F (x) can be considered in two
ways: a) as a force field in an IRF in the Minkowski
space-time , and b) as a curvature of space-time in PRFs
according to (1).
It is difficult to verify our conclusion directly, but in
the case of the gravitational field this conclusion leads
to observable physical consequences since space-time is
a bi-metric, and the existence of a flat metric should
have an impact on the field equations. In addition, we
live in the expanding Universe, and so we have the op-
portunity to study the phenomenon in a PRF of the
gravitational field produced by matter of the Universe.
From the above point of view, gravity can be consid-
ered as a true field in the Minkowski space-time where
the Lagrangian, describing the motion of test particles
in this field, has the form
L = −mc [gαβ(x)x˙αx˙β ]1/2,
where gαβ(x) is a tensor field in the the Minkowski
space-time. 2
In this case, according to (1) the line element of
space-time in PRFs is given by
ds2 = gαβ(x)dx
αdxβ ,
that is, space-time in PRFs of gravitational field is a
Riemannian with non-zero curvature, where gαβ is the
metric tensor.
Thus, we suppose that gravity can be considered
as a field in an inertial reference frame in Minkowski
space-time, and a space-time curvature in the proper
reference frames.
2 This field can in principle be formed by another function
ψ(x), which is some traditional characteristic of field in the
Minkowski space-time [14].
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2.2 Projective invariance
An other starting point of the theory is based on the
observation that the equations of the motion of test par-
ticles ( geodesic lines) are invariant under some group
of the continuous transformations - geodesic (projec-
tive) mappings of the Riemannian space-time [12], in
any fixed coordinate system.
A diffeomorphism between two pseudo-Riemannian
spaces Vn and V¯n, with a metric tensor g and g¯, respec-
tively, is called geodesic if it is geodesic-preserving, that
is, when it maps any geodesic of Vn into an geodesic of
V¯n again.
A necessary and sufficient condition for existence
of a geodesic mapping between Vn and V¯n is that the
equations
Γ¯αβγ(x) = Γ
α
βγ(x) + δ
α
βφ(x)γ + δ
α
γ φ(x)β (10)
are satisfied, where Γαβγ(x) and Γ¯
α
βγ(x) are components
of the Christoffel symbols in Vn and V¯n, respectively.
The condition (10) is equivalent of the following
Levi-Civita equations
g¯αβ;γ = 2φγ g¯αβ + φαg¯βγ + φβ g¯αγ ,
where the semicolon denotes a covariant derivative in
Vn, φα is some gradient-like vector, i.e. φα = ∂φ/∂x
α .
For example, if Γαβγ are Christoffel symbols, then
under using time t = dx0/c as a parameter, the differ-
ential equations of a geodesic line are of the form
..
x
α
+
(
Γαβγ − c−1Γ 0βγ
.
x
α) .
x
β .
x
γ
= 0 (11)
where x˙α = dxα/dt, x¨ = dx˙/dt. It easily to verify that
these equations are invariant under the mapping (10)
of the Christoffel symbols in any coordinate system.
Since φα is a gradient function, (10) are very similar
to a generalization of the gauge transformations of 4-
potentials in the classical electrodynamics.
In a supplement we give two example of this fact.
Namely, it is shown that in any coordinate system the
FWR and the Schwarzschild metrics have a continuous
set of geodesically equivalent metrics.
It is obviously, all the connection coefficients, which
are connected by such transformation, are physically
equivalent. They describe the same gravitational field,
because a classical field is defined by properties of mo-
tion of test particles. (Just as the 4-potentials in classi-
cal electrodynamics, connected by a gauge transforma-
tion Aβ → Aβ + ∂βφ(x)).
The projective transformations of the connection
coefficients induce transformation of the metric ten-
sor, the curvature tensor and the Ricci tensor. This
is a reason that the classical Einstein’s equations are
not invariant under projective mappings of Riemannian
spaces [13],[15] which obviously should play a role of
gauge transformations.
It follows from (10) that Γ¯ i00 = Γ
i
00. This is a reason
why geodesic invariance is not manifest itself in non-
relativistic theory. It is important only in relativistic
theory of gravitation.
Simple geodesic-invariant generalization of Einstein’s
equations has examined in [1] . These equations are bi-
metric, i.e. these equations contain the Minkowski met-
ric tensor ηαβ(x), and gαβ(x). In cosmology this means
that we have two possibilities. Either we are consider-
ing expanding Universe locally from the viewpoint of an
observer in an inertial reference frame where space-time
is supposed to be Minkowskian, either from the view-
point of an observer in a co-moving frame, in which
space-time is Riemannian. Both possibilities are locally
in principle equivalent, if they are described by some
appropriate differential equations for finding the func-
tions gαβ(x).
The fact that the used usually geometrical charac-
teristics of space-time are not projective-invariant (like
4-potentials in electrodynamics are also not gradient-
invariant) means that they cannot be considered as ob-
servable characteristics of gravitational field. The prob-
lem is to find the geometric objects which are invariant
under geodesic mappings of Riemannian spaces. Two
such objects are well known. These are the Weyl tensor
and also the Thomas symbols [12], which are some natu-
ral geodesically invariant generalization of the Christof-
fel’s symbols.
A geodesic-invariant generalization of the metric ten-
sor can also be defined [17]. Such object is based on a
5-dimensional interpretation of projective mappings in
homogeneous coordinates, and is of the form
gˆ(x)αβ = gαβ(x) − fα(x)fβ(x). (12)
In this equation
fα(x) =
1
2
∂
∂xα
ln
(
g
η
)
,
where g and η are the determinants of space-time in
the PRF and flat metric, correspondingly. However, in
this case, geodesic mappings gαβ(x) → gαβ(x) are not
arbitrary.
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3 Spherically symmetric solution in infinite
medium
Based on the discussion above in section 2 we consider
a simple relativistic model of the homogeneous and
isotropic Universe as a self-gravitating expanding dust-
like matter, space-time of which is a Riemannian in
co-moving reference frame, and is a Pseudo-Euclidean
in inertial reference frame.
The simplest geodesic-invariant generalizations of
the vacuum Einstein equations are [1]:
Bγαβ;γ −BǫαδBδβǫ = 0. (13)
These equations are bi-metric differential equations for
the tensor
Bγαβ = Π
γ
αβ −
◦
Π
γ
αβ , (14)
where Πγαβ and
◦
Π
γ
αβ are the Thomas symbols of Rie-
mannian and Minkowski space-time, respectively. They
are given by equations
Πγαβ = Γ
γ
αβ − (n+ 1)−1
[
δγαΓ
ǫ
ǫβ + δ
γ
βΓ
ǫ
ǫα
]
, (15)
◦
Π
γ
αβ = ◦Γ
γ
αβ − (n+ 1)−1
[
δγα◦Γ
ǫ
ǫβ + δ
γ
β
◦Γ ǫǫα
]
, (16)
◦
Γ
γ
αβ are the Christoffel symbols of the Minkowski space-
time , Γ γαβ are the Christoffel symbols of the Rieman-
nian space-time whose fundamental tensor is gαβ . A
semi-colon denotes a covariant differentiation in flat
space-time.
The Lagrangian L describing the motion of test par-
ticles in a static spherically symmetric homogeneous
and isotropic dust-like medium , which is invariant un-
der the mapping t→ −t, reads:
L = −mc[Ar˙2 +B(θ˙2 + sin2 θ ϕ˙2)− c2C]1/2 (17)
where A ,D and C are functions of the radial coordinate
r.
The associated line element of the space-time in
PRFs is given by
ds2 = Adr2 +B[ dθ2 + sin2 θ dϕ2]− C (dx0)2, (18)
The functions A(r), B(r), C(r) should be found from
the field equations (13) . Because of the projective in-
variance of the gravitation equations, some additional
(gauge) conditions can be imposed on the Christoffel
symbols. In particular, at the conditions
Qα = Γ
σ
ασ −
◦
Γ
σ
ασ = 0 (19)
the gravitation equations are reduced to Einstein’s vac-
uum equations Rαβ = 0. Therefore, the spherically-
symmetric solution A(r), B(r), C(r) can be found as a
solution of the system of the differential equations :
Rαβ = 0 (20)
and
Qα = 0, (21)
It must be stressed that the condition (21 ) is a
tensor equation. It does not impose any conditions on
the coordinate system.
Thus the classical Einstein equations are eqs. (13)
at a specific gauge condition.
Let us find solutions of (20,21) which satisfy the
conditions at infinity:
lim
r→∞
A(r) = 1, lim
r→∞
(B(r)/r2) = 1, lim
r→∞
C(r) = 1.
(22)
Usually such conditions at infinity are meaningful
only for the spatially restricted distribution of matter.
However, due to the spherical distribution of matter
and specific properties of gravity, which are derived
from the projective invariant equations, they are valid
for any infinite homogeneous material medium.
Conditions (21) yield one equation:
B2AC = r4. (23)
It allows to exclude the function A from the (18). Then
the equations R11 = 0 and R00 = 0 take the form:
−2BC′ + 2rB′C′ + rBC′′ = 0, (24)
− 4BCB′ + rCB′2 − 2BC′ + 2rBB′C′ + 2rBCB′′
+ rB2C′′ = 0 (25)
Because of equality ( 24) the sum of tree terms in
(25) is equal to zero, and we obtain a differential equa-
tion for the function B(r):
2rBB′′ + rB′2 − 4BB′ = 0. (26)
A general solution of this equation can be written as
B = a(r3 +K3)2/3 where a and K are some constants.
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Now the function C can be found from differential
equation (24) in the form
C′′ + 2
rB′ −B
rB
C′ = 0, (27)
where (rB′−B)/rB = (r3−K3)/(r4+ rK3). A general
solution of this equation is C = b − Q/f where f =
(r3 +K3)1/3, and Q are a constant. It follows from the
Newtonian limit that b = 1 and Q = 2GM/c2 is the
Schwarzschild radius of mass M .
Therefore, the solution for spherically-symmetric field
is given by:
C = 1− rg/f, f = (r3 + r3g)1/3, B = f2, A = f ′2, (28)
where
f = (r3 +K3)1/3, f ′ = df/dr. (29)
The constant K cannot be obtained from (22) or
from the consideration of non-relativistic limit, How-
ever, one can use a physical argumentation. Namely, we
demand that the spherically symmetric solution must
not have a singularity at the center.
It is enough to set K = Q =rg . In this case, in the
coordinate system used the line element of space-time
is of the form:
ds2 = − f
′2dr2
(1− rg/f)−f
2[dθ2+sin2 θ dϕ2]+(1− rg
f
)dx02,
(30)
where f = ( r3g + r
3)1/3. This solution has no the event
horizon and no singularity in the center.
Tyis equation formally coincides with the original
Schwarzschild solution [16] of the Einstein equations. It
is a particular solution of the equations at the condition
det|gαβ(x)| = 1:
We suppose that the lack of the singularity is suf-
ficiently important reason to investigate just this case.
Especially because it is not contradict the available ob-
servations [17,2]. For this reason, the solution (28) with
K = rg and with our conditions at infinity will be a ba-
sis for further consideration.
At the above conditions the equations of the motion
of test particles in the plane θ = pi/2 can be obtained by
the law of conservation of the energy E and the angular
moment J :
r˙ ∂L/∂r˙ − ϕ˙∂L/∂ϕ˙− L = E
and
∂L/∂ ˙ϕ = J,
where r˙ = dr/dt ϕ˙ = dϕ/dt.
These equations are of the form
.
r
2
= c2C2
[
1− κ2C/E2(1 + J2/κ2r2)
]
(31)
.
ϕ = cCJrg/r
2
_
E
where E = E/mc, J = J/rgmc.
Fig. 1 shows a radial acceleration w of a free test
particle as the function of the distance r¯ = r/rg from
the central dot massM . This magnitude is w = vdv/dr
, where v is the radial velocity. The radial acceleration
w (or the force F = mw , acting on a test mass m)
is a finite on the all interval (0 ÷ ∞). If r ≫ rg, the
acceleration w = w(r) is the same as in the Newtonian
mechanics. However, near rg the acceleration change
the sign and eventually, inside the Schwarzschild radius
rg , the acceleration tend to zero when the distance
tends to zero.
Because of the peculiarity of the gravitational force
F = mw some peculiar supermassive objects (up to
1010M⊙ and more than that) without the event horizon
can exist with the radius less than the Schwarzschild ra-
dius. Such objects are candidates to supermassive ob-
jects in galactic centers [2,3].
Consider now of an observer in the Minkowski space-
time in the center of a homogeneous dust-like sphere
with the density of the order of the Universe density
(10−27÷10−28g/cm3). For him the radial acceleration of
a test particle at the distance R at any moment depends
only on the mass M inside of the sphere of the radius
R. This acceleration is given by the external (vacuum)
solution of the eqs. (13) at r = R.
The radial velocity at the surface of homogeneous
sphere as the function of its radius is given by (31)
v(R)2 = c2C(R)2
(
1− κ2C(R)/E¯2) . (32)
Here v(R) and C(R) are given by eqs. (28), where
r is replaced by R,M = (4/3)piρR3 is the matter mass
inside of the sphere of the radius R, ρ is the matter den-
sity, and rg = (8/3)pic
−2GρR3 is Schwarzshild’s radius
of the matter inside of the sphere.
Now add to the sphere outside some spherical shell
of a mass M1 and radius R1 > R. The mass of this
shell does not change the value of w(R). The velocity
and acceleration at r = R1 is defined at any moment
by the full mass inside the external sphere and by the
Properties of gravity near the Schwarzschild radius 7
radius R1. Continuing to do the same one can find the
dependence of the radial acceleration on r around the
observer for very large distances.
The mass of the homogeneous sphere is proportional
to first degree of density, and to third degree of the
sphere radius. The observable radius of the Universe is
of order of 1028cm that is of the order of the Schwarzschild
radius or less than that. Therefore, the acceleration (or
the force mw(r), acting on a test body of mass m)
decreases, and at r → ∞ tends to zero. At that the
functions A(r), B(r), C(r) tend to their values in the
Minkowski space. Thus, space-time in PRFs of grav-
itational field of a very large space distribution of a
homogeneous mass is an Euclidean on infinity, i.e is in
full compliance with used conditions (22).
Fig. 2 shows the radial acceleration of a test particle
as the function of the radius R of a homogeneous sphere
with real cosmological parameters.
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Fig. 2 The acceleration of
a test particle in the ex-
panding Universe vs. the
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Two conclusions can be made from this figure.
1. If the density ρ = 6·10−30g cm−3, the Schwarzschild
radius rg becomes more then R at R > 1.5 · 1028cm.
Before this, at R = 6 · 1027cm, the relative accelera-
tion change the sign, the same as for the particle free
falling to a dot mass. If R > 6 ·1027cm, the acceleration
is positive. Hence, for sufficiently large distance R the
gravitational force gives rise an acceleration of galaxies.
It must be emphasized that all magnitudes has sense
also at the distances less than the Schwarzschild radius
of the considered masses.
2. The gravitational force, affecting the particles,
tends to zero when R tends to infinity. The reason of the
fact is that the ratio R/rg tends to zero when R tends
to infinity. Consequently, the gravitational influence on
galaxies at large distance R cased mainly by the matter
insider of the sphere of the radius R.
4 The Hubble diagram
A magnitude which is related with observations in the
expanding Universe is the relative velocity of a distant
galaxy with respect to the observer. The radial velocity
v is given by (32).
Proceeding from this result we will find Hubble di-
agram, following mainly the method being used in [18].
Let ν0 be a local frequency of light in the co-moving
reference frame of a moving source at the distance R
from an observer, νl be this frequency in a local iner-
tial frame, and ν be the frequency as measured by the
observer in the center of the sphere with the radius R.
The redshift z = (ν − ν0)/ν is caused by both the
Doppler-effect and gravitational field.
The Doppler-effect is a consequence of a difference
between the local frequency of the source in inertial and
co-moving reference frame, and it is given by [9]
νl = ν0 [(1− v/c)(1 + v/c)]1/2 . (33)
The gravitational redshift is caused by the matter
inside of the sphere of the radius R. It is a consequence
of the energy conservation for a photon. According to
the equations of the motion of a test particle (31) the
rest energy of a particle in gravitation field is given by
E = mc2
√
C. (34)
Therefore, the difference in two local level E1 and E2 of
an atom the energy in the field is ∆E = (E2 −E1)
√
C,
so that
ν = νl
√
C, (35)
where we take into account that for the observer lo-
cation C = 1. It follows from (33) and (34) that the
relationship between the frequency ν , as measured by
the observer, and the proper frequency ν0 of the moving
source in the gravitational field takes the form
ν
ν0
=
√
C
1− v/c
1 + v/c
(36)
This equation yields the quantity z = ν0/ν − 1 as
a function of R. By solving this equation numerically
we obtain the dependence R = R(z) of the measured
distance R as a function of the redshift.Therefore, the
distance modulus for a remote galaxy is given by
µ = 5 log10[R(z) (z + 1)]− 5 (37)
where R(1 + z) is a bolometric distance (in pc) to the
object.
8 Properties of gravity near the Schwarzschild radius
If eq.(32) have to give a correct radial velocity of
distant of the galaxy in the expansive Universe, it have
to lead to the classic Hubble law at small distances
of R. At this condition the Schwarzschild radius rg =
(8/3)piGρR3 of the matter inside of the sphere is very
small compared with R. For this reason f ≈ r, and
C = 1− rg/r. Therefore, at E = 1, we obtain from (32)
that
v = HR,
where
H =
√
(8/3)piGρ.
If E 6= 1, then equation (32) does not lead to the
Hubble law since v does not tend to zero when R→ 0.
For this reason we set E = 1 and look for the value of
the density for which a good accordance with observa-
tion data can be obtained.
The fig.3 shows the Hubble diagram up to z = 1.8
obtained by eq.(37) compared with observations data
obtained by supernova Ia [4]. A good agreement be-
tween theory and observation is obvious.
Figure 4 shows the dependence of v on z up to z = 8.
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Fig. 3 The distance mod-
ulus µ vs. the redshift z
for the density ρ = 6 ·
10−30g cm−3. The small
squares denote the observa-
tion data according to [4].
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Fig. 4 The radial velocity
vs. redshift zfor the density
ρ = 6 · 10−30g cm−3.
Figure 5 shows the distance modulus obtained by
the above method as a function of z up to z = 8. Fig-
ure 6 reproduces the typical dependence of the distance
modulus on z up to z = 8 obtained with an analysis of
gamma-ray bursts [5,7,6].
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Fig. 5 The Hubble dia-
gram according to (37) up
to z = 8 for several magni-
tudes of the matter density
ρ.
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Fig. 6 The Hubble dia-
gram [7] obtained by using
GRBs data.
A comparing the last two plots show good agree-
ment between the theory and observation.
5 Conclusion
In paper [2] was shown that a specific properties of grav-
ity in the vicinity of the Schwarzschild radius does not
contradict the observational data.
In this paper we have shown that just such proper-
ties of the gravitational force allow us to understand the
well known peculiarity of the Hubble diagram at large
redshifts up to z = 8 that indicates an acceleration of
the Universe expansion.
It should be noted that the model actually uses only
one fitting parameter - the density.
This result shows that high redshift can be an im-
portant instrument for testing theory of gravitation.
6 Supplement
The most interesting examples of non-uniqueness of
the metric of space-time in a given coordinate system
due to the existence of the geodesic equivalence are
FRW and Schwarzschild metrics. Here is a proof of
this fact, based on papers[15,19], which shows that the
metrics obtained from a given by some continuous one-
parameter transformations have common geodesies .
FRW Metric
Consider the line elements of a Riemannian space-time
V :
ds2 = b(t) dt2 + a(t)σik(x
1, x2, x3) dx1dxk. (38)
Geodesics of such metric are the same as the ones of
the space-time V with the line element
ds
2
= B(t) dt2 +A(t)σik(x
1, x2, x3) dxkdxk. (39)
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where
B(t) =
b(t)
[1 + q a(t)]2
, (40)
A(t) =
a(t)
1 + q a(t)
, (41)
and q is an arbitrary constant . The proof of this im-
portant fact is follows.
Contracting (10) with respect to α and β, we obtain
Γ
β
βγ = Γ
β
βγ + (n+ 1)ψβ. Consequently,
ψβ =
1
2(n+ 1)
∂
∂xβ
ln
∣∣∣∣∣ det gdet g
∣∣∣∣∣ , (42)
which shows that in the case under consideration only
0-component of ψαis other than zero.
The useful for us components of the Christoffel sym-
bols of V are given by:
Γ
0
00 = b
′(t)/2 b, Γ
0
11 = a
′(t)/2b(t),
Γ
1
10 = a
′(t)/2 a(t),
and the same components of V are:
Γ
0
00 = B
′(t)/2B, Γ
0
11 = −A′(t)/2B(t),
Γ
1
10 = A
′(t)/2 A(t) (43)
Then eqs. (10) gives the following equations
A′(t)
A(t)
− a
′(t)
a(t)
= 2ψ0, (44)
B′(t)
B(t)
− b
′(t)
b(t)
= 4ψ0, (45)
A′(t)
B(t)
− a
′(t)
b(t)
= 0. (46)
So, A/a = exp(2
´
ψ(t)0dt), B/b = exp(4
´
ψ(t)0dt)
where the integration constants are equal to 1 because
at ψ(t)0 = 0 the functions A(t) = a(t) and B(t) = b(t).
Consequently, B(t)/b(t) = (A(t)/a(t))2,and with (46)
we obtain the differential equations
A′(x) −A(t)2 a
′(t)
a(t)
= 0, (47)
which gives (41). Now from previous equation we obtain
the function B(t) in the form (40).
On the contrary, if in eq. (10) to set ψi = 0 for
i=1,2,3, and ψ0 = −1/2∂ln(1+qb(t))/∂t, then eqs. (44),
(45), and (46) are satisfied. Thus, with this choice of
the co-vector field ψ(x)α, the line element (38) at b =
−1 is equivalent to (39). In other words, the both line
elements have the same (no-parameterized) equations
of motion of test particles.
Schwarzschild Metric
As another example, we show here that a static cen-
trally symmetric metric
ds2 = b(r)dr2 + r2(dθ2 + sin2 θdφ2)− a(r)dt2, (48)
(in particular, Shirtsleeve metric) in a given coordinate
system is not unique. Namely, in any given coordinate
system it has common geodesic lines with a metric of
the form
ds
2
= B(r) dr2+F (r)2(dθ2+sin2 θ dφ2)−A(r) dt2, (49)
where A(x), B(x) and F (x) are functions of xα, de-
pending on a continuous parameter.
The Christoffel symbols for (48) is given by
Γ rrr =
1
2
b′(r)
b(r)
, Γ θrθ =
1
r
, Γφrφ =
1
r
, Γ trt =
1
2
a′(r)
a(r)
,
Γ rθθ = −
r
b(r)
, (50)
Γφθφ =
cos θ
sin θ
, Γ rφφ = −
r sin2 θ
b(r)
, Γ θφφ = − sin θ cos θ,
Γ rtt =
1
2
a′(r)
b(r)
. (51)
The Christoffel symbols for 49 are:
Γ
r
rr =
1
2
B′(r)
B(r)
, Γ
θ
rθ =
F ′(r)
F (r)
, Γ
φ
rφ =
F ′(r)
F (r)
,
Γ
t
rt =
1
2
A′(r)
A(r)
, Γ
r
θθ = −
F (r)F ′(r)
B(r)
, (52)
Γ
φ
θφ =
cos θ
sin θ
, Γ
r
φφ = −
F (r)F ′(r) sinApJ2θ
B(r)
,
Γ
θ
φφ = − sin θ cos θ, Γ
r
tt =
1
2
A′(r)
B(r)
, (53)
where a prime here and later denotes a derivative with
respect to r.
10 Properties of gravity near the Schwarzschild radius
In view of this, Levi-Chevita equations (10) yields:
B′(r)
B(r)
− b
′(r)
b(r)
= 4ψr(r), F (r)F
′(r)b(r) − rB(r) = 0,
A′(r)b(r) − a′(r)B(r) = 0, (54)
F ′(r)
F (r)
− 1
r
= ψr(r),
A′(r)
A(r)
− a
′(r)
a(r)
= 2ψr(r),
ψθ(r) = ψφ(r) = ψt(r) = 0 (55)
According to (42) the function ψr(r) . can be written
as
ψr = ∂ lnχ/∂r,
where
χ(r) =
(
g¯
g
)1/2(n+1)
.
Consequently,
B = bχ4; A = aχ2; F = χ;
A′ = a′χ4;
(
F 2
)′
= 2rχ4;
Formulas for the function F (r) are compatible only
if the functions χ(r) are the solution of the differential
equations
rχ′(r) + χ(r)− χ(r)3 = 0
which yields
χ(r) = (1 + kr2)1/2,
where k is an arbitrary constant.
As a result, formulas which express the A(r), B(r),
and F (r) by a(r) and b(r) are given by
A(r) =
a(r)
1 + kr2
, B(r) =
b(r)
(1 + kr2)
2 ,
F (r) =
r
(1 + kr2)1/2
. (56)
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